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A model of the interaction of thermal atoms and ions with metal surfaces is presented. The model 
is based on the multi-particle density functional method. This method is applied to describe first the 
properties of the electron gas on the metal surface and second to analyze the effective potential of 
the Hydrogenium atom in the vicinity of the metal surface.
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In this paper we present a model of the interaction 
of thermal atoms and ions with metal surfaces. The 
idea of the method is to calculate the electron density 
function on the metal surface and the distortion of this 
function by absorbed atoms and ions. Our calcula­
tions are based on the two-particle density functional 
approach. The Hamiltonian of the system is of the 
form

H = H0 + V,

where

H0 = T + V0 + W

(1)

(2)

is the energy operator of the subsystem consisting of
N (  1the metal surface and electron gas; T = Y — ^rryV?

i= i \  2M
is the kinetic energy operator of N electrons; M is the

N
mass of the electron; V0 = X F(r,), where F(r;) is the

i— 1
interaction potential of the ith electron with the sur­
face, r, is the radius-vector of the ith electron in a 
coordinate system with the origin located on the metal

N N
surface, W = X X W(rt — r}), i /  j, is the interelectron

i=W=l
interaction potential. The system of N electrons is 
considered in adiabatic approximation, and for the 
metal surface we use the Jellium model.

N
The potential V = £  V(ri ~  R) in (1) is a weak static

i = 1
perturbation created by the field of the proton, and R 
is the proton's radius vector.

The first step of the presented calculations was to 
find the electron gas density by the condition V = 0. 
For this the energy functional $ [n2 (i^, r2)] of the sys­
tem was constructed in terms of the two-particle den­
sity function n2{rl,r2), which is defined as

«2 (r l » r2> =
N (N -  1)

• JtA*(r1,...,rN)iA(i-1,...,rN)d3r3...d3rN,
where \f/(rl t ...,rN) is the solution of the Schrödinger- 
equation of the Hamiltonian (2). Using the two-parti- 
cle density method, this permits us to take into ac­
count two-particle correlations of the system without 
any exchange-correlation potential. The energy func­
tional is of the form [1]

^W 2(rl ,r2)] = r [ n 2(rl ,r2)]

v T J ^ C I )
+ ^ ( r 2))^2(r1,r2)d3r1d3r2 
+ JlT (r1- r 2) ^ ( r 1,r2)d3r1d3r2,(3)

where the kinetic energy function 3~\n2 (rx, r2)] is cho­
sen as a gradient expansion which can be found for 
any N-electron system (electron gas on the metal sur­
face, atoms) in the form

r [ * 2(ri ,r2)] = 2M(N — 1) V 5
(18 rc4)? « |( r1,r2)

+ (V2«2(r1,r2))2)« J 1(r1,r2)
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The convergency of the given gradient expansion we 
analyze empirically by using Hooke's Law model 
applied for the Helium like atom. The electron -  
nucleus attraction is replaced by an harmonic oscilla­
tor potential, but the electron-electron repulsion re­
mains Coulombic [2]. For the Helium atom the 
Hamiltonian is

H = - ' [-(V 2 + V2) + \ k ( r 2 + r2) + — ,
2 2 r X2

where k is the oscillator spring constant, and r2 are 
the distances of the electron from the nucleus, and 
r i2 = k i — r21 ■ For the particular value k = \  the 
solution can be obtained analytically as ij/(r1,r2) 
= N0(\ -I- ^ )exp( — + r2)) with a normalization 
constant N0. Using this function, we construct the 
two-particle density function n2(rl ,r2) = \ij/(rl ,r2)\2 
and calculate the terms in the gradient expansion of 
the kinetic energy functional. The result of this cal­
culation shows that the terms of higher order are 
small compared to the first one, i.e. &~[n2(r1,r2j\ 
= 0.645 + 0.037-0.003 + .... The comparison with 
the calculations of in different models [2] in the 
frame of different one-particle methods shows good 
agreement with the first order term. The electron den­
sity ^(fj) on the metal surface we obtain by the expres­
sion

where the function n2(r1,r2) is calculated by the vari­
ational method on the basis of (3). The trial function 
for this calculation is chosen in the form given in [1]:

(r, ,r2) = C ( tf  ( r j  022 (r2) + t f  (r2) t f  ( r j  
+ a <f>1 (rt) (r2) t f  ( r j  (j)2 (r2)), 

ri = (xi,yi,zi),

<Mr,.)= ( l - ^ e x p  (ßtz j) je { -z j)

+ ie x p ( - ß iZj)0(zj), i j  = 1 ,2 . (4)

Here ßi and ß2 are variational parameters, C is a 
normalization constant, a = — §(ßx + ß2)2 (ßf + ßx ß2 
+ ß2)~1. The z-axis is perpendicular to the metal 
surface.

On the basis (3), the minimization is done for a 
series of metal surfaces. The values of the variational 
parameters ß{ and ß2 of the two-particle density func­
tion n2(r1,r2) are given in Table 1. Using the two-par­
ticle density function given in (4) with the parameters 
ßi and ß2 from Table 1, the works function is calcu-

Table 1. Variational parameters ßt and ß2 of the two-particle 
density function given in (4).

Metal ßi [a u.] &[a.u.]

Ni 1.750 1.789
Pd 1.451 1.328
Ir 1.740 1.761
W 1.794 1.776
Nb 1.750 1.789
In 1.374 1.474
Zn 1.579 1.509
Cd 1.450 1.321
Cu 1.437 1.344

Table 2. Work function of the electron for several metal sur­
faces.

Metal JFJeV]

pres. calc. theor. calc. exp. data exp. data
[3] [4] [5]

Ni 3.81 _ 4.50 5.20 + 0.18
Pd 3.92 - 4.8 5.55 + 0.1
Ir 5.40 4.02 5.3 5.38 + 0.38
W 4.47 3.91 4.5 4.72 + 0.54
Nb 3.81 3.81 3.99 4.3 +0.15
In 3.74 3.44 3.8 -
Zn 4.47 3.50 4.24 4.9 (0.001)
Cd 3.76 3.36 4.1 -
Cu 4.41 3.32 4.4 4.65 ±0.05

lated for the same series of metals. The outcomes of 
these calculations together with the theoretical results 
in the frame of the one-particle density function ac­
cording to [3] and the experimental data taken from 
[4,5] are presented in Table 2.

The distortion of the electron gas density in the 
presence of ions due to the weak static potential 
y  (r, — R) is estimated by a perturbation theory, based 
on the Lagrange-Euler equation of the form

un2\r x,r2)
f n2(r i ,r2)d3 r x d3 r2)|Ä2(ri.r2) = ÄW ri.r2) = 0,(5)

where p2 is the Lagrange constant. In the frame of the 
given perturbation method we consider the family of 
operators

H, = H0 + ;.V,

where /. e [0,1] is a dimensionless parameter. The eigen­
functions, density functions n{2\  the energy of the 
ground state and the Lagrange constant p(2' corre­
sponding to the Hamiltonian Hx may be expanded by
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the parameter A:

= 4 0)(/'1,r2) + Xm^(rl9r2)

Sx = + + a2 Sa) + 
n(2 = V-T + H2] + ^  + ■■■■ (6)

Here ^(20)(r1,r 2), <f(0), and p(20) correspond to the un­
perturbed Hamiltonian H0. Inserting the expressions 
(6) into (5), the chain of equations for ätf20)(f"i ,r2), 
^<21)(r1,r2),... and p(20), is obtained.

In the first approximation we need only the first and 
second equation of the chain. The first equation is the 
Lagrange-Euler equation for the unperturbed system. 
The second equation may be solved with respect to the 
function ^(21)(r1,r 2) if the density function ^20,(/,1,r2) 
and the kinetic energy functional are known. The 
present method is used for the analysis of the distor­
tion of the electron density function by Hydrogen 
atoms and ions. We define the energy of the proton 
interaction with the metal surface in the first approxi­
mation of the perturbation theory by the expression

(*) = r 2(R), (7)

r . ( R ) = -------  2 V 1 d r, d r2,
J V - l J  | R - r i \ 1 2'

r 2(R )= -------  2 V d r, d r2,
2 N -  1 J l Ä - r J  1 2

where *?(20) and ^<21) are the zeroth and the first term of 
the expansion of n2{rx,r2) into the perturbation's se­
ries.

The numerical calculations on the basis of (7) 
shown that S inx has a minimum which corresponds to 
the adsorption energy Sp of hydrogenic ions at a dis­
tance R, = Z0 from the metal surface. The calculations 
of the proton interaction energy with the Wolfram 
metal surface and the electron gas with respect to (7) 
are presented in Figure 1. Using

4 1>(z,/f) = J ^ 21)(r1,r2,Ä)d3r2,

^=(0,0,2), R = (u,Rz), Rz = Z0, u = (Rx,Ry) and 
m = | if |, the corrections due to the proton distortion 
are calculated. The result of this calculation is shown 
in Fig. 2 for different u. The adsorption energy Sa of 
hydrogenic atoms by the metal surface is determined 
from the expression

= + (8)

E,„t {a.u.} 
0,3

0,2

-0,1 

-0,2 

-03

-0,4,

Rz [a.u.]
Fig. 1. Interaction energy of protons with the Wolfram sur­
face calculated according to (7).

0.2

0.1

Fig. 2. Correlation of the electron density function «'/'(r^ R) 
due to the protein position R = (u, R.), Rz = Z0, on the Wol­
fram metal surface for R,= 1 a.u. and =-^ = 0,1,2,....z [a.u.] ' '
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Table 3. Adsorption energy <?p for protons and <?a for the 
hydrogenic atom on the metal surface.

Metal W(100) W(110) Pd(110) Ir CuIII Ni

*[10"3a.u.]a 56.2 56.2 12.9 84.2 12.6 40.0

10.1 10.1 8.72 9.8 8.72 9.9
pres. calc.

exp. data [6] 11.3 10.3 9.09 9.4 10.14 8.92
calc. from [7] 9 9 - - - -

<?JeV] 2.2 2.2 0.67 1.5 0.1 1.45
pres. calc.

exp. data [6] 3.4 3.0 0.52 1.17 1.21 0.47
calc. from [7] 0.7 0.7 - - - -
Z0 [a.u.] 1.01 10.1 1.28 1.14 1.27 1.01

pres. calc.
exp. data [6] - - 1.97 - - -
calc. from [7] 1.08 1.08 - - - -

Meanvalue of the positive charge in atomic units.

where 3\  is the electron work function and the 
ionization potential of the hydrogenic atom. The re­
sults of the numerical calculations for several metal 
surfaces are presented in Table 3, together with the 
experimental data from [6] and the results of calcula­
tions in the one-particle density approach [7].

Table 4. Ground state and first vibrational state energy of 
protons adsorbed on the metal surface.

Metal

v. theor. [meV] 
1 = 0 
1=1

W Cu(100) Ni(100) Ir Pd(100)

84 
252

59 
177

81 
243

78 
234

58 
174

Vp.tmeV] 
1=0 
1=1

24.9 78 
93

-  63

The effective potential of the proton in the vicinity 
of the metal surface around its minimum can be con­
sidered as an oscillator potential. Then the vibrational 
energy of the proton may be represented in the form

*v(0 =
1 d3/,„,(*)"

Mr dZ z = z0

i + 1
(9)

where Mp is the mass of the proton, / = 0,1,2,—  The 
vibrational energy <fv of protons adsorbed by metal 
surfaces is also calculated by using (9). The results are 
presented in Table 4, together with experimental data 
[8] for the ground (/ = 0) and the first (/= 1) vibrational 
states.
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